The spontaneous awareness behavioral responses of individuals have a significant impact on epidemic spreading. In this paper, a modified Susceptible-Alert-Infected-Susceptible (SAIS) epidemic model with heterogeneous awareness is presented to study epidemic spreading in human networks and the impact of heterogeneous awareness on epidemic dynamics. In this model, when susceptible individuals receive awareness information about the presence of epidemic from their infected neighbor nodes, they will become alert individuals with heterogeneous awareness rate. Theoretical analysis and numerical simulations show that heterogeneous awareness can enhance the epidemic threshold with certain conditions and reduce the scale of virus outbreaks compared with no awareness. What is more, for the same awareness parameter, it also shows that heterogeneous awareness can slow effectively the spreading size and does not delay the arrival time of epidemic spreading peak compared with homogeneous awareness.
Introduction
Epidemic spreading has a rich research history and attracted a lot of attention and interest in academia field. Many epidemic models have been studied, including Susceptible-Infected (SI) model [1] , Susceptible-Infected-Susceptible (SIS) model [2] , and Susceptible-Infected-Removed (SIR) model [3] . The dynamical behavior of epidemics on homogenous networks [4] and heterogeneous networks [5] has been studied by many researchers. Pastor-Satorras and Vespignani studied SIS epidemic model with power-law degree distributions on scale-free (SF) networks, showing that the epidemic threshold vanishes on an infinitely large scale-free networks [6] and remains to be low and decreases with increasing network size in the finite size scale-free networks [7] . In human networks, individuals are generally not evenly distributed but are of heterogeneous distribution. In this paper, we mainly concentrate on the spreading behavior in scale-free networks.
With the rapid development of network technology, the more the channels of obtaining information for people are, the faster the speed of accessing information will be. When people obtain more news about the epidemic, they will appropriately change their behavior in order to prevent infection, such as vaccination [8] and seeking medical services [9] . In the process of epidemic spreading, many susceptible individuals are aware of the potential risks of becoming infected and change their behavior to reduce the possibility of infection [10, 11] , and the awareness behavior can spread though contact or public media and other tools in the crowd [12, 13] . In turn, changing of human behavior in the process of epidemic spreading also influences epidemic spreading [14] [15] [16] [17] [18] [19] [20] . For example, Funk et al. [13] introduced awareness on homogeneous networks to investigate the spread of awareness and its impact on epidemic outbreaks. Wu et al. [16] focused on the three forms of awareness and explored the impact of them on epidemic spreading in a finite scale-free network. Lu et al. [17] and Gong et al. [18] studied epidemic spreading on scale networks considering awareness and individual vigilance, respectively. In these papers, awareness interacts with epidemic and the existence of awareness can significantly enhance the epidemic threshold or reduce the scale of virus outbreaks.
The above literature considers the effect of individual awareness behavioral responses on the infection rate. The 2 Mathematical Problems in Engineering change of individual awareness behavioral also affects the individual state. For example, individuals go to the removed state when they receive vaccination [21] . Recently, Sahneh and Scoglio [22] proposed a Susceptible-Alert-InfectedSusceptible (SAIS) model in human networks by introducing an "alert" class. Their results suggest that awareness can be considered as a strategy of controlling epidemic spreading. Built upon the SAIS model, Sahneh et al. [23, 24] further studied a threshold for preventive behavioral responses to suppress epidemic spreading and investigated optimal information dissemination to boost the resilience of the agent population against the spreading. The interplay between epidemic spreading and human behavior causes the richer network dynamics in complex networks [25] [26] [27] [28] . Therefore, introducing individual behavioral responses to the dynamic of epidemic spreading is very important.
In this paper, susceptible nodes are aware of the risks of becoming infected and can receive awareness about the presence of epidemic from their infected neighbor nodes. In general, when a susceptible node receives awareness, it will become an alert node with certain probability. But the number of infected neighbor nodes of each susceptible node is different in the actual world. Therefore, the alert rate from a susceptible node to an alert node should be different. This paper considers the heterogeneous awareness behavioral responses of individuals, so the probability from susceptible nodes to alert nodes is varied. The role of heterogeneity behavioral responses in complex networks is relatively less studied. In this study, we will investigate the variety of the epidemic threshold between the modified model and standard model and analyze the effect of heterogeneous awareness for epidemic spreading.
The rest of this paper is organized as follows. In Section 2, we propose the modified SAIS model with heterogeneous awareness behavioral responses on scale-free networks. In Section 3, we will analyze the modified SAIS model and deduce the mathematical expression of the epidemic threshold. Some numerical simulations are done in Section 4. Finally, Section 5 concludes the paper.
The SAIS Model with Heterogeneous Awareness
The SAIS epidemic model introduces human behavioral responses and adds a new compartment to the class SIS model. Each individual is represented by a node of the network and the edges are the physical interactions between individuals along which the infection spreads on scale-free networks. When susceptible nodes contact with their infected neighbor nodes, they may become alert nodes with a certain probability. Let ( ), ( ), and ( ) be the densities of susceptible, alert, and infected nodes of degree at time . These variables satisfy the following normalization condition:
The SAIS epidemic model has been clearly described in Section 4. At each time step, each susceptible node is infected with infection probability 0 if it is connected to an infected individual; on the other hand, each infected node recovers and becomes susceptible node with the recovery rate in the SAIS epidemic model. Specifically, susceptible nodes can receive awareness information from infected neighbor nodes and may become alert nodes with the alerting rate when susceptible nodes contact with its infected neighbor nodes. Both susceptible and alert nodes can potentially be infected in the SAIS model. But, the infection rate for the alert nodes compared with the susceptible nodes is low. That is to say, an alert node is infected with infection probability 0 < < 0 . Therefore = 0 / (without lack of generality, we set = 1) is considered as an effective spreading rate. In order to simplify calculation, the translation rate from the susceptible node to the alert node is usually set as constant. But in fact, the awareness information from the neighbor nodes is different for each susceptible node. So, we consider the heterogeneous awareness behavioral responses of individual.
Generally, the higher the degree a node has, the stronger the awareness will be. So, the awareness function can be supposed as follows:
where the awareness constant ∈ (0, 1). Let inf be the total number of infected neighbor nodes of susceptible nodes of degree . The awareness function of susceptible nodes is an increasing function of inf and awareness constant . An example of awareness rate function ( , ) is shown in Figure 1 .
In summary, the differential equations for modified SAIS model based on the mean field theory are given, as follows:
where 0 ≤ Θ( ) ≤ 1 denotes the average probability of any given link points to an infected node. Considering nonhomogeneity of uncorrelated scale-free networks, Θ( ) satisfies the relation
where = ∑ ( ). When ( , ) = 0 and = 0, the model becomes classical SIS model on scale-free networks. The following differential equation for SIS epidemic model is obtained:
where ( ) are the densities of infected nodes of degree at time and Θ ( ) = (1/ ) ∑ ( ) ( ).
Theoretical Analysis of the SAIS Epidemic Model
With the normalization condition (1), the differential equations (3) can be simplified as
3.1. Infected Intensity. Beginning with the same initial infected densities of nodes ( 0 ) = ( 0 ), ∈ {1, . . . , }, for the SIS model (5) and SAIS model (6) and (7). Equation (6) can be rewritten as [22] ( ) = 0 (1 − ( )) Θ ( )
Since 0 < < 0 , therefore ( 0 − ) ( )Θ( ) is a nonnegative term. Furthermore, beginning with the same initial infected densities of nodes ( 0 ) = ( 0 ), we can get inequality [22] , as follows:
According to (9) and definition of the derivative, there exists so that [22] ( ) ≤ ( ) , ∈ {1, . . . , } ∀ ∈ [ 0 , ] .
Inequality (10) can extend to
Next, we will prove that inequality (11) holds using reduction to absurdity [22] . Assume that there exists 1 > 0 , so that (10) holds for = 1 but it is not true for every > 1 . Obviously, when = 1 , ∃ ∈ {1, . . . , } so that
According to (8) , (10), and (12), we have
Therefore, (13) contradicts with (12) . In other words, inequality (10) holds for any ∈ [ 0 , ∞). In short, inequality (11) holds.
According to the expression of infected intensity ( ) = ∑ ( ) ( ), we have the following conclusion.
Theory 1.
Beginning with the same initial infected densities of nodes ( 0 ) = ( 0 ), ∈ {1, . . . , }, the infected intensity of SIS epidemic model (5) always dominates these of the SAIS epidemic model (6) and (7); that is,
3.2. Epidemic Threshold. Define and as infected densities and alert densities of nodes in the steady stay, respectively. We have
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We can derive from (15)
By substituting (16) in (4), we can get
Obviously Θ( ) = 0 is a trivial solution of (17) . To an epidemic outbreak, there must be a nonzero solution of Θ( ), satisfying
Equation (18) can be rewritten as
Let be the epidemic threshold of scale-free networks. We can obtain the mathematical expression of the epidemic threshold by (20) , as follows:
If ( , ) = is a constant, that is to say, the alerting rate from susceptible nodes to alert nodes is a constant, we can get the epidemic threshold 2 of SAIS model with homogeneous awareness:
As everyone knows, the epidemic threshold of SIS epidemic model is If ( , ) adopts piecewise awareness function (2), then /2 ≤ ( , ) < 1. Furthermore, we can obtain that ( 2 /( + 1)) < ( 2 /( + ( , ))) < (2 2 /(2 + )) and ( 2 /(2 + )) < ( ( , )
2 /( + ( , ))) < ( 2 /( + 1)). Thus, we can get the epidemic threshold 3 of SAIS model with heterogeneous awareness: It is obvious that (2 + )/( +1) > ( +1) /(2 + ). Therefore, we have the following conclusion. 
Furthermore, we can obtain the following: if the infected rate and the awareness intensity satisfy the following conditions (24), then
Simulation Results and Discussion
In this section, we perform the simulations on an -node BA networks to verify our analysis. The parameters for generating a BA network are as follows: network size = 1000, the initial number of nodes 0 = 3, the new number of links for each new node = 3, and the average degree = 6. For SIS epidemic model on this work, the epidemic threshold is 1 ≈ 0.0574. For each simulation, the infected node is randomly chosen when run begins and the recovery rate is fixed at = 1.
In Figure 2 model with different heterogeneous awareness = 0.2 and = 0.4, respectively. Set the infected rate 0 = 0.5 representing the probability that a susceptible node moves into the infected state and = 0.04 representing the probability that an alert node moves into the infected state. Through theoretical analysis, we can obtain that the infected intensity of SIS epidemic model always dominates that of the SAIS epidemic model with heterogeneous awareness, beginning with the same initial infected densities of nodes. Figure 2 shows that the result of numerical simulation is consistent with the theoretical analysis. That is to say, the introducing of the heterogeneous awareness significant can decrease the infected density, which demonstrates that the SAIS model with heterogeneous awareness is reasonable and consistent with the realistic situation.
In Figure 3 , the circle line stands for SIS epidemic model, and the solid lines and the star line stand for SAIS model with heterogeneous awareness in case = 0.08, 0.04, respectively. Set the infected rate 0 = 0.3 representing the probability that a susceptible node moves into the infected state and the awareness parameter = 0.5 for SAIS model with heterogeneous awareness. Figure 3 shows that the epidemic of SAIS model is persistent and the epidemic size is reduced in the steady state compared with SIS model when = 0.08, and the epidemic dies out asymptotically when = 0.04. These imply that the epidemic either dies out or breaks out eventually in relation with when > 0 . Figure 4 detailedly shows the effect of for SAIS model with heterogeneous awareness. In Figure 4 , the circle, solid, and star line stand for SAIS model with heterogeneous awareness for different awareness parameters = 0.2, 0.3, 0.4, respectively. Set the infected rate 0 = 0.3 representing the probability that a susceptible node moves into the infected state and = 0.04 representing the probability that an alert node moves into the infected state in Figure 4 . Analyzing the curves of Figure 4 , we can find that the epidemic size decreases with the increasing of awareness parameters . We can also see that the epidemic persists in the steady state when 0 > , and the epidemic dies out asymptotically when 0 ≤ in the condition of < Analyzing the cures in Figures 5(a) -5(c), we can find that heterogeneous awareness can slow effectively the spreading size and does not delay the arrival time of epidemic spreading peak compared with homogeneous awareness, for the same awareness parameter.
Conclusions
In this paper, we have studied the impact of awareness responses on epidemic spreading in human networks and proposed a modified Susceptible-Alert-Infected-Susceptible model with heterogeneous awareness. In particular, susceptible individuals who are aware of the potential risks of becoming infected can take measures to reduce the possibility of infection. In our new model, susceptible nodes can receive awareness information from infected neighbor nodes and become alert nodes with heterogeneous awareness rate. Theoretical analysis and simulation results have shown that the existence of heterogeneous awareness can significantly reduce the risk of virus outbreak, increase the spreading threshold, and slow down the spreading speed in human networks. In order to better control epidemic spreading on networks, the effects of awareness for epidemic spreading are worth further study. 
